Abstract. Classical analytic spaces can be characterized as projections of Polish spaces. We prove analogical results for three classes of generalized analytic spaces that were introduced by Z.Frol k, D.Fremlin and R.Hansell. We use the technique of complete sequences of covers. We explain also some relations of analyticity to certain fragmentability properties of topological spaces endowed with an additional metric.
P.HOLICK Y
All topological spaces are supposed to be Hausdor in what follows, mostly they are regular, but this assumption will be pointed out explicitely wherever it is needed. An indexed family (C a ; a 2 A) of subsets of X is point-countable if jfa; x 2 C a gj @ 0 for every x 2 X.
We introduce rst a notion of generalized analytic spaces which generalizes Ha1, Definition 6.7] and Ho2,De nition 9]. Later on we are primarily interested in special cases which coincide with the notions introduced rst by Z. In what follows D stands exclusively for particular collections of families from P(P(X)) for all topological spaces X in consideration.
De nition 1. Let Here and in what follows a family C of subsets of a topological space X is discrete in X if every point of X has a neighbourhood intersecting at most one element of C. It is known that the notion of generalized analytic spaces would not change if we used the discreteness in the metric of M instead of the topological discreteness of C in the above de nition.
We have in mind mainly the following examples of collections D. De nition 2. Let X denote a topological space. We say that a family C of pairwise disjoint subsets of X is scattered if every nonempty subfamily C 0 of C contains an element that is relatively open in S C 0 . If S denotes the collection of all scattered families, we say that X is scattered-K-analytic if it is S-K-analytic and that X is scattered-analytic if it is S-analytic.
We denote by I the collection of all isolated families (or, equivalently, relatively discrete families), i.e. of families E of subsets of a topological space which are discrete in S E.
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The I-K-analytic spaces are called isolated-K-analytic and I-analytic spaces are called isolated-analytic.
Another signi cant class, say O, is formed by relatively open families, i.e. families R such that every R 2 R is open in S R.
Let us remark that the assumption on point-countability in De nition 1 is not necessary for the case of scattered-K-analytic spaces (see Ho3, Theorem 1]). However, there is a space X which is not isolated-K-analytic and such that there is an usc-K map f of a complete metric space onto X with ff(C); C 2 Cg having a -isolated network if C is discrete in M. We may consider the space X = S X fp 1 g of H.Junnila and J.Pelant described in Ha1, Example 6.22] to show that the implication (b) ) (a) of Theorem 2 below does not hold without the additional assumption that X is hereditarily weaklyre nable. We may notice that f( ) = X fp 1 g, in the notation from Ha1], gives an usc-K map of 0; ! 1 ) with the discrete metric onto X and every union of X fp 1 g has a -isolated network consisting of fp 1 g and some X 's. Associated Borel sets. If C is a scattered family and U(C), C 2 C, form the associated family of open sets as above, the sets B(C) = C \ (U(C) n S fU(E); E < Cg are useful. They form a scattered family of sets of the form B(C) = F \ G, where F is closed and G is open, and we call them the associated Borel sets.
It is also useful to consider the sets B(C) = C\U(C) for elements C of an isolated family C and U(C) the associated open sets. The \associated family of Borel sets" fB(C); C 2 Cg is isolated in this case. of ordinals as open subsets of the space X = 0; ! 1 ) endowed with the order topology. Put E = ff g; 2 0; +1)g. The families E are countable and thus in O but ff g; 2 Xg is not in O .
Cross-section property. We say that the collection D has the cross-section property if, whenever E 1 ; E 2 are from D, then the family E 1^E2 = fE 1 \ E 2 ; E 1 2 E 1 ; E 2 2 E 2 g is in D, too.
The collections S, O and I have the cross-section property. It follows immediately that the same is true concerning S , O , or I .
Trace property. We say that D has the trace property if given any E 2 D and F X the family fE \ F; E 2 Eg is in D.
The key role in our investigation is played by the following notion.
De nition 4. We say that C n is a complete sequence of covers of a topological space X if every lter U, with U \ C n 6 = ; for every n 2 N, has a cluster point, i.e. T fU; U 2 Ug 6 = ;.
Remark 2. Let us remark that the notion of the complete sequence of covers was used by Z.Frol k ( F2, Theorem 2.8] and F3, Theorem 9.3]) to characterize Cech-complete spaces and regular K-analytic spaces.
Notice that, if C n is a complete sequence of covers of X, then any sequence E n of covers of X such that E n re nes C n is also complete.
If X is a regular space, then the completeness of the sequence C n of covers of X is equivalent to the following property.
For every (respectively, for every centered) sequence of elements C n 2 C n , the sequence C 1 \ \ C n converges to a (respectively nonempty) compact set K = T 1 n=1 C 1 \ \ C n , i.e. for every open G K there is an n 0 such that K C 1 \ \ C n G for n > n 0 (see e.g. Proposition 1 from Ho3]).
It follows from the above property that the map f :
is an usc-K map of the complete metric space Q 1 n=1 C n , de ned as the countable product of C n 's endowed with the discrete metric, onto X. We want to make clear relations of our \generalized analytic" spaces and the projections of spaces which are \complete" in an appropriate sense.
De nition 5. C 1 \ \ C n is a singleton given an arbitrary centered sequence of sets C n with C n 2 C n . Remark 3. We should mention that scattered-K-complete spaces, i.e. S-K-complete spaces, in our present terminology are called \cover-complete" e.g. in Ha3] or \scattered-complete" in Ha1, 6 .17]. Their projections along N N are called \cover-analytic" in Ha3]. Also isolated-K-complete spaces are called \hypercomplete" or \partition complete" (see Ha1, 6 .17]).
The O-K-complete completely regular spaces coincide with the Cech-complete ones ( F2, Theorem 2.8]). We introduce our terminology to cover several related situations simultanously.
We are going to summarize some characterizations of scattered-analytic, scattered-Kanalytic, Cech-analytic, isolated-analytic and isolated-K-analytic spaces. We begin with an implication proved implicitely in Ho3, Lemma 2], where only scattered-K-analytic spaces were investigated. for some C 0 2 C. Then there is a y 2 N such that (x; y) 2 C 0 . As y 2 N and x 2 G C (N), we have that (x; y) 2 U(C). So C 0 \ U(C) 6 = ; and we conclude that (x; y) 2 C. If C was disjoint, then so is fD C (N); C 2 Cg for every N 2 N.
Secondly, let D = S. Let < be the well ordering and the U(C) above be the corresponding associated open sets for C. Let C < C 0 be two elements of C. We want to show that G C (N) \ D C 0 (N) = ; and so that the sets G C (N) form an associated family for fD C (N); C 2 Cg. Let x 2 G C (N) \ D C 0 (N) . Then there is a y 2 N such that (x; y) 2 C 0 . However, as G C (N) N U(C), we have (x; y) 2 U(C) \ C 0 which is a contradiction. Notice that fD C (N); C 2 Cg is disjoint for every N 2 N in this case.
So the claim follows. Also the assertion on point-countability follows using the supplements on disjointness of the families fD C (N); C 2 Cg. (b) If P is I-K-complete, or even I-complete, then X is I -K-complete, or even Icomplete, respectively. Remark 5. Analogical result holds also for scattered-K-analytic spaces but we derive it, using other arguments, in Theorem 1 below.
Proof. Let E n , n 2 N, form the complete sequence of covers of P with the corresponding property from (a) or (b).
We use N(k 1 ; : : :; k n ) = f 2 N N ; ( 1 ; : : :; n ) = (k 1 ; : : :; k n )g, (k 1 ; : : :; k n ) 2 N n , to denote the Baire intervals of order n. We shall construct families C n (s 1 ; : : :; s n ) of subsets of X, for n 2 N, s 1 ; : : :; s n 2 S = S k2N N We claim that the C n 's (from (i)) form the asked sequence of covers of X if (i) to (v) hold. Using (i) we get that they are covers. Due to (ii) and the fact that S is countable, they are -relatively open (or -isolated). Let C n 2 C n be centered. By (iii) and (iv) there is an only sequence s n 2 S such that C n 2 C n (s 1 ; : : :; s n ). From the rst part of (v) we get that C n N(s 1 ; : : :; s n )] \ P, n 2 N, is centered and from the other part of (v) each C n N(s 1 ; : : :; s n )] \ P is contained in some E n 2 E n . Thus E 1 \ \ E n converge to a compact set K fsg P X N N . It follows that C 1 \ \ C n converge to a compact subset of K in X and C n is complete. Moreover, in cases of O-complete and I-complete spaces, K fsg is a singleton and so K is also a singleton in X.
It remains to construct C n (s 1 ; : : :; s n ) for n 2 N and s 1 ; : : : ; s n 2 S such that (i) to (v) hold. Let us rst describe C 1 (s) for s 2 S. For an E 2 E 1 and s 2 S = S 1 k=1 N k we may nd the maximal open set G E (s) such that (G E (s) N(s)) \ P E. Further, we de ne D E (s) = (E \ (X N(s))) \ G E (s). We choose some well ordering < of the set S and we de ne, by induction over s 2 S, C 1 (s) = fC E (s) = D E (s) n S t<s S C 1 (t); E 2 E 1 g. Now C 1 = S fC 1 (s); s 2 Sg is a cover of X because E 1 is relatively open and so, for every x 2 E 2 E 1 , there are an s 2 S and an open U such that x 2 U N(s) and (U N(s)) \ P E.
The families C 1 (s) are relatively open due to the fact that they are traces, to the complement of S t<s C 1 (t), of the families fD E (s); E 2 E 1 g that are relatively open since G E (s) \ S E 0 2E 1 D E 0 (s) = D E (s). Indeed, the inclusion \ " is obvious and we check the validity of the other one. Let x 2 G E (s) \ D E 0 (s). Then there is a y 2 N(s) such that (x; y) 2 E 0 since x 2 D E 0 (s). Then (x; y) 2 P and, as x 2 G E (s), (x; y) 2 E and so x 2 D E (s).
As S is countable, the family C 1 is -relatively open, and if E 1 was disjoint, then C 1 (s) are also disjoint and C 1 is -isolated.
The sets S C 1 (s), s 2 S, are pairwise disjoint since they were de ned using inductively subtracting of the previously constructed sets S C 1 (t) with t < s.
So the points (i), (ii), (iii), (v) are satis ed and (iv) says nothing for n = 1. Put moreover X 1 (s) = S C 1 (s) and P 1 (s) = P \ (X(s) N(s)).
Let us suppose that we have constructed C n (s 1 ; : : :; s n ) = fC E (s 1 ; : : :; s n ); E 2 E n g; X n (s 1 ; : : : ; s n ) = C n (s 1 ; : : : ; s n ), and P n (s 1 ; : : :; s n ) = P n?1 (s 1 ; : : :; s n?1 ) \ ? X n (s 1 ; : : :; s n ) N(s 1 ; : : : ; s n ) ; where \P 0 (s 1 ; : : :; s 0 ) = P". We de ne the same objects for n + 1 so that (i) to (v) are satis ed similarly as we did for n = 1 above.
Let G E (s (v) follow by the facts that rstly S s2S C n+1 (s 1 ; : : :; s n ; s) has the properties analogical to (i), (ii), (iii), (v) with respect to X n (s 1 ; : : :; s n ), P n (s 1 ; : : : ; s n ) which can be veri ed similarly as the corresponding properties of S s2S C 1 (s) with respect to X, P above, and secondly, the families fX n (s 1 ; : : :; s n?1 ; s); s 2 Sg and fP n (s 1 ; : : :; s n?1 ; s); s 2 Sg are disjoint covers of X n?1 (s 1 ; : : :; s n?1 ) and P n?1 (s 1 ; : : :; s n?1 ), respectively.
We need an extra covering property to study the I -K-complete spaces in Propositions 3 and 4. We formulate it in a more general setting because we are going to use it in Proposition 5 below in that form. Notice that the respective property is ful lled automatically (c) Let X be I-K-complete, or even I-complete. Then X is I-K-analytic, or even I-analytic, respectively. We verify rst that the preceding properties of D are ful lled in both considered cases. The rst two properties are satis ed by S and I as we already mentioned. We shall verify the latter property. Let C be scattered or isolated in X and B(C); C 2 C;
form the family of \associated Borel sets". Since they are di erences of open sets and X is regular, it is easy to realize that for every C 2 C there is some relatively open cover H 0 C (C) of C with H 0 B(C) for every H 0 2 H 0 C (C). Now we choose any D re nement H C (C) of H 0 C (C) that exists because the property of D re nements is obviously hereditary to subspaces for D = I and it holds even in any space for D = S. Since S fH; H 2 H C (C)g B(C) for every C 2 C and the collections S and I have the heredity property, the family f S fH; H 2 H C (C)g; C 2 Cg is in D. Using this fact, the property of unions and the fact that each H C (C) is in D , we conclude that H(C) is in D . So the properties for D = S and D = I. Now let C n 2 D form a complete sequence of covers of X. Let us de ne a new sequence of covers E n 2 D so that E 1 = H(C 1 ), and having E n already de ned, we put E n+1 = H(C n+1^En ).
We consider now the sets E n endowed with the discrete metric and we de ne the compact-valued map f :
Q 1 n=1 E n ! X by f((E n ) 1 n=1 ) = T fE n ; n 2 Ng if (E n ) 1 n=1 2 F Q 1 n=1 E n , where (E n ) 1 n=1 2 F if there are H n 2 H E n (E n ) such that E n+1 H n ( E n ) for every n 2 N. Otherwise, we put f((E n ) 1 n=1 ) = ;.
The map f is usc-K since E n form a complete sequence of covers in the regular space X (see Remark 2) and F is a closed subset of Q 1 n=1 E n . The map f maps the base B of Q 1 n=1 E n formed by sets of the form f(E 0 n ) 1 n=1 2 Q 1 n=1 E n ; (E 0 1 ; : : :; E 0 n ) = (E 1 ; : : :; E n )g with (E 1 ; : : :; E n ) 2 Q n k=1 E k to families from D because f(f(E 0 k ) 1 k=1 ; (E 0 1 ; : : :; E 0 n ) = (E 1 ; : : :; E n )g) fH; H 2 H E n (E n )g:
It su ces to use that f S fH; H 2 H E n (E n )g; E n 2 E n g is in D by our assumptions and that D has the heredity property.
Let E be a discrete family of subsets of F Q 1 n=1 E n in the product metric. Then there is an n 2 N such that, for E 2 E, E fB 2 B n ; B \ E 6 = ;g = B E ; 10 P.HOLICK Y where B n = ff(E 0 k ) 1 k=1 ; E 0 1 = E 1 ; : : :; E 0 n = E n g for some E 1 2 E 1 ; : : :; E n 2 E n g. We know that ff(B); B 2 Bg is in D , and thus it is also point-countable. Since fB E ; E 2 Eg is disjoint, the family ff(B E ); E 2 Eg is point-countable. By the heredity property of D, we nally get that ff(B) \ f(E); B 2 B n ; E 2 E B \ E 6 = ;g forms a D network for ff(E); E 2 Eg. The family ff(E); E 2 Eg is point-countable because ff(B E ); E 2 Eg is point-countable and f(E) f(B E ).
The case of D -complete spaces can be treated in the same way and we arive at a continuous map f of F onto X.
(b) Let C n form a complete sequence of open covers of X by open sets. Similarly as in (a), we de ne a complete sequence of covers E n . Put E 1 = C 1 and let E n be already chosen. We choose for every C 2 E n^Cn+1 an open family H C (n+1) such that S fH; H 2 H C (n + 1)g = C. We de ne E n+1 = S fH C (n + 1); C 2 E n^Cn+1 g. Let (c) Let C n form the complete sequence of isolated covers. De ne E 1 = C 1 and E n+1 = E n^Cn+1 . Now put f((C n ) 1 n=1 ) = T fE n ; n 2 Ng. This gives the asked correspondence because the sets E n 2 E n are clopen in this case.
If C n comes from the de nition of I-complete spaces for X I-complete, then f is a continuous map. The crucial step to obtain a description of analyticity by projections along N N seems to be the following Proposition 4.
Proposition 4.
(a) Let X be a regular S -K-complete space. Then there is an S-K-complete space P X N N such that (P) = X.
(a') Let X be a regular S -complete space. Then there is an S-complete space P X N N such that (P) = X.
(b) Let X be a regular I -K-complete having the property of -isolated re nements. Then there is an I-K-complete space P X N N such that (P) = X.
(b') Let X be a regular I -complete space. Then there is an I-complete space P X N N such that (P) = X.
(c) Let X be a regular O -K-complete space. Then there is an O-K-complete space P X N N such that (P) = X.
(c') Let X be a regular O -complete space. Then there is an O-complete space P X N N such that (P) = X.
Proof.
Cases (a), (a'), (b), and (b'). Let us suppose that C n = S k2N C n (k); n 2 N; form a complete sequence of covers of X and C n (k) are scattered (or isolated, respectively). Due to the heredity and to the cross-section properties of S and I , we may suppose without loss on the generality that C n 's are partitions and that C n+1 re nes C n .
Let U n;k (C); C 2 C n (k)
and (b'), respectively), by another re nement made inductively in n, we may achieve that, if D 2 C n+1 , there is some C 2 C n (k) such that D C and D U n;k (C). We put C n (k 1 ; : : :; k n ) = fC 2 C n (k n ); 9(C i ) n?1 i=1 C C i ; C i 2 C i (k i ); i = 1; : : :; n ? 1g; where k 1 ; : : : ; k n are arbitrary natural numbers. The sets U n;k n (C) for C 2 C n (k n ) described above will be denoted by U k 1 ;:::;k n (C) if C 2 C n (k 1 ; : : :; k n ). Thus we have D U k 1 ;:::;k n (C) whenever C 2 C n (k 1 ; : : :; k n ); D 2 C n+1 (k 1 ; : : :; k n ; k n+1 ).
Now we de ne the set P X N N . We use the notation N(k 1 ; : : :; k n ) for the set of all (in nite) sequences of natural numbers such that k 1 ; : : :; k n are the rst n of them. Let us put P = \ n2N (k 1 ;:::;k n )2N n fC \ U k 1 ;:::;k n (C); C 2 C n (k 1 ; : : : ; k n )g N(k 1 ; : : :; k n ):
Obviously, every x 2 X belongs to the projection of P along N N because x 2 T 1 n=1 C n for some C n 2 C n (k 1 ; : : :; k n ), n 2 N, and we have C n \U k 1 ;:::;k n (C n ) C n . So (P) = X.
We shall show that the families E n = fP \ (C \ U k 1 ;:::;k n (C)) N(k 1 ; : : :; k n )]; C 2 C n (k 1 ; : : :; k n ); (k 1 ; : : :; k n ) 2 N n g form a complete sequence of scattered (or isolated) covers of P. It is obvious from the de nition of P that all E n 's are covers. Every E n is scattered (isolated) because fX N(k 1 ; : : : ; k n ); (k 1 ; : : :; k n ) 2 N n g is discrete and thus isolated and scattered, and for a xed (k 1 ; : : :; k n ), the system f(C \ U k 1 ;:::;k n (C)) N(k 1 ; : : :; k n ); C 2 C n (k 1 ; : : : ; k n )g is clearly scattered (or isolated) due to the fact that the open sets U k 1 ;:::;k n (C) are the associated open sets for C n (k 1 ; : : :; k n ).
It remains to show that the sequence fE n g is complete. Let E n = P \ C n \ U k 1 (n);:::;k n (n) (C n )] N(k 1 (n); : : :; k n (n)) be a centered sequence of sets and C n 2 C n (k 1 (n); : : :; k n (n)). It is ehough to show that this sequence converges to some compact set (see Remark 2 above). Since (E n ) 1 n=1 is centered, it is obvious that k 1 (n); : : :; k n (n) are initial sequences of one and only one in nite sequence (k 1 ; k 2 : : : ) 2 N N . The sets C n \ U k 1 ;:::;k n (C n ), C n 2 C n (k 1 ; : : :; k n ), are pairwise disjoint and we claim that C n C n?1 . Namely, for every C n 2 C n there is a C 0 n?1 2 C n?1 (k 1 ; : : :; k n?1 ) such that C n C 0 n?1 . If C n is not a subset of C n?1 , then C 0 n?1 \ U(C 0 n?1 )] \ C n?1 \ U(C n?1 )] = ;. However, E n C n N N C 0 n?1 \ 12 P.HOLICK Y U(C 0 n?1 )] N N and E n?1 C n?1 \ U(C n?1 )] N N which is a contradiction with the fact that E n is centered. Thus the sequence (C n ) 1 n=1 is also centered in X. Thus the sequence of sets C n converges to a compact set P 1 in X and also the sequence of sets C n \ U k 1 ;:::;k n (C n ) converges to P 1 because C n+1 U k 1 ;:::;k n (C n ) due to our choice of the systems C n (k 1 ; : : :; k n ). Since obviously
fC \ U k 1 ;:::;k n (C); C 2 C n (k 1 ; : : :; k n )g; the sequence (E 1 \ \ E n ) 1 n=1 converges to P 1 f(k 1 ; k 2 ; : : :)g in P.
(Let us notice that C n C n \ U(C n ) C n+1 P 1 and so P 1 fkg E 1 \ \ E n C n N(k 1 ; : : :; k n ).) Cases (c) and (c'). Let Obviously, each E n is a cover of P. Each E n consists of open subsets of P. Let E n 2 E n , i.e. E n = P \ ( C \ U k 1 ;:::;k n (C)] N(k 1 ; : : : ; k n )) for some C 2 D n (k 1 ; : : :; k n ); k 1 ; : : :; k n 2 N. Namely, the inclusion C 0 \ U k 1 ;:::;k n (C) C for every C; C 0 2 D n (k 1 ; : : :; k n ) holds and implies that C \ U k 1 ;:::;k n (C) = U k 1 ;:::;k n (C) \ fC 0 \ U k 1 ;:::;k n (C 0 ); C 0 2 D n (k 1 ; : : :; k n )g for every C 2 D n (k 1 ; : : : ; k n ): Therefore E n \ U k 1 ;:::;k n (C) N(k 1 ; : : :; k n )] = P \ ( C \ U k 1 ;:::;k n (C)] N(k 1 ; : : :; k n )):
It remains to show that E n is a complete sequence. Let E n = P \ ( C n \ U k 1 (n);:::;k n (n) (C n )] N(k 1 (n); : : :; k n (n))) 2 E n GENERALIZED ANALYTIC SPACES AND FRAGMENTABILITY 13 form a centered sequence. Then, by the de nition of the Baire intervals N(k 1 ; : : :; k n ),
there is an only sequence k 2 N N such that (k 1 (n); : : :; k n (n)) = (k 1 ; : : :; k n ) for every n 2 N. Obviously, it su ces to study the centered sequence P k \ C n \ U k 1 ;:::;k n (C n )], where P k = fx 2 X; (x; k) 2 Pg, C n 2 D n (k 1 ; : : :; k n ). We realize rst that the following inclusions hold for every n 2 N: P k \ U k 1 (C 1 ) \ \ U k 1 ;:::;k n (C n ) D n (k 1 ; : : :; k n ) \ U k 1 (C 1 ) \ \ U k 1 ;:::;k n (C n ) = D n (k 1 ; : : :; k n ) \ U k 1 (C 1 ) \ \ U k 1 ;:::;k n (C n ) C 1 \ \ C n :
We used that U k 1 ;:::;k i (C i ) are open for the second inclusion. It follows that the sequence (C n ) 1 n=1 is centered in X and from the completeness of (C n ) 1 n=1 and the de nition of D n we obtain that C 1 \ \ C n converge to some compact set K X. Moreover, we see from the above inclusions that P k \ C 1 \ U k 1 (C 1 ) \ \ C n \ U k 1 ;:::;k n (C n ) C 1 \ \ C n and so we get that
converge to some compact L K X. Finally, we have that So we have that the sequence E n is complete in P.
Now we formulate theorems containing characterizations of scattered-analytic, scattered-K-analytic, isolated-analytic, isolated-K-analytic and Cech-analytic spaces which follow from Propositions 1 to 4 above. Notice that the classes of scattered-analytic and scattered-K-analytic spaces allow characterizations by both the projections and the complete sequences of covers without any restriction. Also the assertions (a'), (b'), and (c') are equivalent, where 14 P.HOLICK Y (a') X is scattered-analytic;
(b') X is S -complete; (c') X is the projection of an S-complete subspace of X N N .
Proof of Theorem 1. The implications (a) implies (b) and (a') implies (b') follow from Proposition 1 above because -scattered families satisfy the assumptions on D of Proposition 1.
Due to Proposition 3 (a), (b) implies (a) and (b') implies (a'
). Now, let the space X be the projection (C) of a scattered-K-complete or scatteredcomplete space C X N N . By de nition, we know that C admits a complete sequence of scattered covers and, by the implication (b) implies (a), or (b') implies (a'), we get that C is scattered-K-analytic, or scattered-analytic, if it is regular. Really, it is regular as a subspace of X N N . Finally, the projection of a scattered-K-analytic, or scattered-analytic, space C along N N , i.e. X, is scattered-K-analytic, or scattered-analytic, by Lemma 1. Namely, we may compose with the parametrization f of X from the de nition of the respective analyticity.
To nish the proof of Theorem 1 it is enough to prove the implications (b) implies (c) and (b') implies (c'). However, this follows from the statements (a) and (a') of Proposition 4.
Remark 5. The equivalence of (a) and (b) is proved in Ho3, Theorem 1, (a) , ( 
Another proof in Ha1, Theorem 6.18] seems to be incomplete because it uses Ha1, Lemma 6.9] which does not have a full proof there.
Instead of Lemma 1, we might use e.g. Ho1, Lemma 5 or its corollary] in this case. Let us notice that there are other characterizations. In Ha1, Theorem 6.18] it is stated that scattered-K-analytic spaces are images of Cech-complete spaces by continuous maps taking scattered families to families that are countable unions of families having a scattered re nement. Another characterization says that a completely regular space X is scattered-K-analytic if and only if it is the result of the Souslin operation applied to sets which are elements of the smallest -algebra containing Borel sets and closed to the unions of scattered families in some (or every) compacti cation of X (see Ho3 (a) The space X is isolated-K-analytic;
(b) the space X is I -K-complete; (c) the space X is the projection of some I-K-complete subspace of X N N .
The implications (a) implies (b) and (c) implies (a) do not need the the property of -isolated re nements for X to hold.
Also the assertions (a'), (b'), and (c') are equivalent, where (a') The space X is isolated-analytic;
(b') the space X is I -complete; (c') the space X is the projection of some I-complete subspace of X N N .
Proof. The implications (a) implies (b) and (a') implies (b') follow from Proposition 1 because I has the property of unions, the trace property and the heredity property.
By Proposition 4(b) and (b'), we get that (b) implies (c) and (b') implies (c'). Finally, using Lemma 1 and Proposition 3(a), we get (c) implies (a) and (c') implies (a').
The following characterization of Cech-analytic spaces was announced by Z.Frol k in F4, Theorem 1]. The proof can be found in Ha1, Theorem 5.7, the proof of (a) is equivalent to (c)]. (Notice that the statement (b) of Theorem 5.7 in Ha1] is formulated a little stronger than the really proved one as R.W.Hansell remarked later.) We prove the analogous equivalence for a slightly more general class of not necessarily completely regular spaces. Since we do not use the embedding of the space admitting a complete sequence of -relatively open covers into a compacti cation K and we do not use the characterization of Cech-analytic spaces as spaces that are the results of the Souslin operation applied to Borel subsets of K, our prove is rather more straightforward. Since we have no analogue of the characterization (a) of Theorem 1 by a parametrization for Cech-analytic spaces, we have to prove the existence of the complete sequence of covers directly from the description by a projection as described by Proposition 2. Moreover, the family ff(J b ); b 2 Cg has a -relatively open re nement and being pairwise disjoint it has a -isolated re nement. We thus obtain a -isolated cover of 0; ! 1 ) by countable sets.
We realize that the complement to the union of any isolated family fS a ; a 2 Ag of countable sets in 0; ! 1 ) contains a closed uncountable subset. It is immediate if the family is countable. If not, choose s a 2 S a , a 2 A, and consider the set F = fs a ; a 2 Ag n S a2A fs a g. The set F is closed and uncountable. Let C n be the isolated families of countable sets such that S n2N S C n = 0; ! 1 ). Let F n be some closed unbounded subset of 0; ! 1 )n S C n . Then the intersection T 1 n=1 F n is nonempty which is a contradiction with the assumption that S n2N C n is a cover of 0; ! 1 ).
Some subclasses of scattered-K-analytic spaces
We begin with a result containing our Ho1, Theorem 1] that can be now derived easily from our knowledge of complete sequences of covers.
Theorem 4. Every completely regular isolated-K-analytic space is Cech-analytic and every Cech-analytic space X is scattered-K-analytic. Proof. The rst part follows by the implication (a) implies (b) of Theorem 2, using the fact that the property of -isolated re nements is not needed for it, and by the implication (b) implies (a) of Theorem 3.
The other part follows from the implication (a) implies (b) of Theorem 3 and the implication (b) implies (a) of Theorem 1. Now we shall characterize those scattered-K-analytic spaces which are scattered-analytic or even analytic, i.e. continuous images of some complete separable metric space.
Theorem 5.
(a) A regular Hausdor space X is scattered-analytic if and only if it is scattered-Kanalytic and X has a -scattered network.
(b) A regular Hausdor space X is analytic if and only if it is scattered-K-analytic and X has a countable network.
(c) A regular Hausdor space X is isolated-analytic if and only if it is scattered-Kanalytic and X has a -isolated network.
(a) If X is scattered-analytic, then there is a complete sequence of -scattered covers C n of X with the property (b) of De nition 5. For simplicity we shall suppose that C n+1 re nes C n . This is possible due to the heredity property and the cross-section property of scattered families. If x 2 X, then there is a sequence of sets C n 2 C n such that x 2 T n2N C n .
So the sequence C n is centered and n T k=1 C k converges to fxg. In particular, for every open neighbourhood G of x, there is an n 2 N such that x 2 C n C n G and thus S n2N C n is a -scattered network for open sets in X.
Let X be scattered-K-analytic. Due to Theorem 1 there is a complete sequence of -scattered covers C n of X. As above we may suppose that C n are disjoint and that C n+1 re nes C n . Let N = S n2N N n be a network for the open sets of X and N n be scattered. We may put N n = N n fX n S N n g and then E n = N 1^ ^N n^C n . As C n form a complete sequence of covers of X, also E n form a complete sequence. As N is a network for X, the families N n are disjoint, and X is regular, the sequence of covers E n of X is a complete sequence that proves that X is scattered-analytic.
(b) If X is analytic, then there is a continuous map f of a separable complete metric space M onto X. The metric space M has a countable basis and the images of elements of such a basis form a network for the open sets in X. Since every discrete family in M is countable, the map f ful ls the assumptions on f of the de nition of the scattered-analytic space and X is scattered-analytic and thence also scattered-K-analytic.
If X is scattered-K-analytic and if it has a -scattered network for open sets, then according to (a) above X is scattered-analytic. Hence there is a complete sequence of -scattered covers C n of X which has the property from De nition 5(b). Every scattered system of sets in a space that has a countable network is at most countable and so C n is a complete sequence of countable covers which ful ls j T n2N C 1 \ \ C n j = 1 for every centered sequence C n 2 C n . This is su cient for the analyticity of a regular space (see e.g. the proof of F3, Theorem 9.3] or Remark 2 above and notice that the images of the corresponding usc-K map f are singletons if we construct it using our complete sequence of covers).
(c) If X is isolated-analytic, then it is clearly isolated-K-analytic, and hence also scattered-K-analytic. It can be easily veri ed that X has a -isolated network formed by the elements of the covers from the complete sequence of covers the existence of which is ensured by Theorem 2, (a') implies (b').
Let X be scattered-K-analytic and let X have a -isolated network. By (a) above, X is scattered-analytic. By Theorem 1, (a') implies (b'), it is S -complete. The covers of the corresponding complete sequence of covers can be re ned by -isolated covers due to Lemma 3.5 of Ha2]. In this way we obtain that X is I -complete and using Theorem 2, (b') implies (a'), we have that X is isolated-analytic.
Remark 6. We used, in (a), only the existence of a -scattered system N separating points in the sense that, for x; y 2 X; x 6 = y, there is an N 2 N which contains exactly one element of x; y. If X is regular and Hausdor , then X is analytic if and only if it is K-analytic and has a countable network and also if and only if X is ech-analytic and has a countable network. This follows from the fact that both K-analytic spaces are scattered-K-analytic by the de nitions and ech-analytic spaces are scattered-K-analytic by Theorem 4, and from Theorem 5 (b).
For K-analytic spaces this assertion is contained in JR, Theorem 5.5.1]. Our proof could be also done with the use of usc-K maps. The procedure which decomposes our 18 P.HOLICK Y proof to the parts (a) and (b) of Theorem 5 causes that the proof of Theorem 5, which is similar to the proof of JR, Theorem 5.5.1, (h) ) (a)], is in a sense \more straightforward". This is roughly speaking due to the fact that open subsets of a K-analytic space need not be K-analytic, but they are scattered-K-analytic.
For Cech-analytic spaces this assertion was shown to me by C.Stegall using essentially di erent arguments.
It should be noted that the assumption that X has a countable network is equivalent to the assumption that X is a continuous image of some separable metric space.
Fragmentability by a metric
In what follows we have in mind mainly the following examples. The space X = C(K) of continuous functions on a compact space K or the space X = C b (T) of bounded continuous functions on a topological space T. In these cases we consider the uniform metric and the topology of pointwise convergence.
For most of the following results it is essential that one of the topologies is (completely) metrizable by a metric that is lower semi-continuous with respect to a weaker topology . Our Ho1, Theorem 5 and Theorem 6] were based on the use of results that were not published yet or which were published in a di erent form (it concerns JNR2] and Ha2]). We give a di erent, perhaps more straightforward proof, and we improve the statements to include more general situations. Another characterizations of -fragmented spaces and sets are contained in NP1] and NP2]. Using Theorem 1, our Proposition 5 restricted to scattered-K-analytic completely regular spaces follows from NP1, Theorem 5.2].
We formulate our propositions below for general collections D although the main examples are S and I. We hope that the reasons of the validity of Theorem 6 become more transparent.
De nition 7. Let D be a collection of families of subsets of a topological space X and be a metric on X. Then X is called D-fragmented by the metric if, for any " > 0, X has a cover from D by sets of -diameter less than ".
We say that X is fragmented by the metric if it is scattered-fragmented, i.e. Sfragmented, by .
Remark 7. The notion -fragmented means -scattered fragmented, i.e. S -fragmented, and was introduced in JNR1]. We prove the following crucial proposition rst.
Proposition 5. Let D be a collection of families of subsets of a regular topological space X such that D has the property of unions, the property of cross-sections, the trace property, and the heredity property.
Let X have the property of D re nements, let X be D -K-complete, and be any lower semi-continuous metric on X.
If every compact subset of X is fragmented by , then X is D -fragmented by .
Remark 8. It is proved in JNR1, Corollary 3.1.1] that every compact (or even every hereditarily Baire) space K with the topology is -fragmented by a lower semi-continuous (with respect to ) metric if and only if K is fragmented by .
Notice also that the claim of Proposition 5 assumes the fragmentability, and not D- and both U 0 and U 1 cannot be covered by a family from D of sets having -diameter less than ". Proof. Let us consider a subspace X 0 of X that we obtain by ommitting of all points having a neighbourhood which has a cover from D by sets of -diameter less than ". Now every point of x 2 X n X 0 has a neighbourhood U x that has a cover C x from D by sets of -diameter less than ".
Since X has the property of D re nements and the cross-section property, there is a D cover E of X n X 0 that is a re nement of fU x ; x 2 X n X 0 g. Now every element E of E is a subset of some U x . By the trace property, the family H E = fE \ C; C 2 C x g is in D and it covers E. So, using the property of unions, the family S fH E ; E 2 Eg is in D , covers X n X 0 , and its elements have -diameter less than ". Proof of Proposition 5. Let C n be a complete sequence of covers of X from D such that every cover in this sequence re nes the preceding ones. This is possible due to our assumption on D. Let us suppose that X is not D -fragmented by the metric . Then there is a positive " such that there is no cover of X from D by sets of -diameter less than ". We x such an " for the rest of our proof.
Using the induction, we nd, for (i 1 ; : : :; i n ) 2 f0; 1g n ; n 2 N, sets C i 1 ;:::;i n 2 C n and open sets U i 1 ;:::;i n X such that:
(i) U i 1 ;:::;i n ;i n+1 U i 1 ;:::;i n ; (ii) dist(U i 1 ;:::;i n ;0 ; U i 1 ;:::;i n ;1 ) " 2 ; (iii) C i 1 ;:::;i n ;i n+1 C i 1 ;:::;i n ; (iv) C i 1 ;:::;i n \ U i 1 ;:::;i n does not have a cover from D by sets of -diameter less than ". To this end we proceed as follows. Using Lemma 2, we nd U 0 and U 1 . As C 1 is in D , we may nd by the trace property and the property of unions some C 0 ; C 1 2 C 1 such that C i 1 \U i 1 has no cover from D by sets of diamer less than " for i 1 = 0; 1. In the next steps we proceed similarly, with the di erence that instead of X we consider C i 1 ;:::;i n \ U i 1 ;:::;i n 20 P.HOLICK Y to get C i 1 ;:::;i n ;0 ; C i 1 ;:::;i n ;1 and U i 1 ;:::;i n ;0 ; U i 1 ;:::;i n ;1 , using Lemma 2, such that (i) to (iv) are satis ed in the corresponding form.
We consider the set K = S i2f0;1g N T n2N C i 1 ;:::;i n \ U i 1 ;:::;i n . Due to the fact that the sequence C n is complete and C i 1 ;:::;i n \U i 1 ;:::;i n is a monotone sequence of nonempty sets, we know that C i 1 ;:::;i n \ U i 1 ;:::;i n converge to a compact set K(i) = T 1 n=1 C i 1 ;:::;i n \ U i 1 ;:::;i n for every i 2 f0; 1g N . From (i) we get that K(i) U i 1 ;:::;i n for all n 2 N. According to (ii) we get that dist(K(i); K(i 0 )) " Using Lemma 3, we see that K is not fragmented what is the contradiction with our assumptions and this nishes also the proof of Proposition 5.
Notice that, due to the characterizations by complete sequences of covers that we gave above, the preceding proposition can be applied to special classes of generalized analytic spaces. Let us recall that the following properties of a metric space X are equivalent (discrete means discrete in the metric of X).
(a) X is a Souslin subset of its completion; (b) X is -discrete-complete; (c) X is S -complete.
It can be veri ed e.g. as follows.
By Ho3, Theorem 2] mentioned already in Remark 5 above, X is S-K-analytic. Due to the metrizability of X there is a -discrete, and so ?sigma-scattered, network and the space X is S-analytic by Theorem 5 (a). Theorem 1 ((a') implies (b')) shows that X is S -complete. Using Ho1, Lemma 3] and noticing that every family from of subsets of X from S is \sb d --decomposable", we get that X is -discrete-complete.
Finally, every -discrete-complete metric space is I -complete since every discrete family is isolated. Using Theorem 2, (b') implies (a'), X is I-analytic. By Theorem 4, X is Cech-analytic and so it is in Souslin(Borel) in some compacti cation of its completion and thus X is Souslin in its completion.
Proposition 6. Let D ful l the heredity property and the cross-section property. Let (X; ) be D -fragmented by the metric . Let the metric topology de ned by be ner than and (X; ) be Souslin in its completion. Then (X; ) is D -K-complete.
If is moreover lower semi-continuous in , then (X; ) is D -complete. Proof. Due to Remark 9, there is a complete sequence of -discrete covers H n of the metric space (X; ). Thus we can write H n = S k2N H n (k) , where H n (k) is " n (k)-discrete in (X; ), with " n (k) > 0. As X is D -fragmented, there are partitions C n (k) 2 D of (X; ) to sets of -diameter less than " n (k). Thus the family C n (k)^H n (k) is a re nement of C n (k) such that for every element N of the partition C n (k) there is at most one nonempty element of C n (k)^H n (k) which is a subset of N. Therefore C n (k)^H n (k) is D in . Hence, the collection E n = S k2N C n (k)^H n (k) is in D . Let now F be a lter containing some E n 2 E n for every n 2 N. Then T F2F F 6 = ; because H n form a complete sequence of covers of (X; ). Since the -closures contain the -closures, we have obviously that T F2F F 6 = ; and the sequence E n is a complete sequence of D covers of (X; ).
We might suppose that each element of H n has -diameter at most Now we show that the assumption on X to be Souslin in its comletion in Theorem 6 below is necessary.
Proposition 7. Let (X; ) be a regular topological space. Let be a lower semi-continuous metric on (X; ) and the topology induced by on X be ner than . Let D be a collection of families of subsets of (X; ) and D be a collection of families of subsets of (X; ) such that both, D and D , satisfy the cross-section property and D D . Let (X; ) be D -K-complete and let (X; ) be D -fragmented by .
Then (X; ) is D -complete.
As (X; ) is D -K-complete, there is a complete sequence of D covers E n of (X; ). As (X; ) is D -fragmented, there is a sequence of D covers C n of X such that diam C 1 n for each element C of C n . Now P n = E n^Cn 2 D since D has the cross-section property. The covers P n of X form a complete sequence of (X; ) since they re ne the covers E n that form a complete sequence of covers of (X; ). Let us consider a centered sequence of elements P n 2 P n and denote Q n = P 1 \ \ P n for each n 2 N. By the completeness of P n in the regular space (X; ) we get that the sequence of Q n 's converges to the compact set K = T 1 n=1 Q n (X; ) X in (X; ). Using that is lower semi-continuous in (X; ), we deduce that diam Q n for every n 2 N, we get that x = y 2 X and thence P n form a complete sequence of covers of (X; ) which shows that (X; ) is D -complete because D D . Remark 10. We consider also the case of collections D c of countable families of subsets of a space in the following theorem. Hence, the cases of K-analytic, analytic, and \countably fragmented" (i.e. D c -fragmented) spaces are included. The property of D c re nements of X is thus equivalent to that X is hereditarily Lindel of. Notice that D c -fragmentability by a ner metric gives that X has a countable network.
Theorem 6. Let every compact subset of (X; ) be fragmented by a lower semi-continuous metric giving a ner topology than the regular topology . Obviously, (a) implies (b). Let (b) be satis ed. Then (X; ) is D -fragmented due to Proposition 5. Using Proposition 7, we get that (X; ) is D -complete, and so it is Souslin in its completion due to Remark 9 above. Finally, using Proposition 6, we conclude that (c) implies (a).
In the particular case of spaces C(K) of continuous functions on a compact space, where Namioka theorem N, Corollary 4.2] says that every compact set with respect to the topology of pointwise convergence is fragmented by the supremum norm, we get Corollary. Let X C(K), where C(K) is the set of all continuous functions on the compact space K, p be the topology of pointwise convergence, and be the supremum metric on C(K). Then the following are equivalent.
(a) (X; ) is scattered-K-analytic. (b) (X; ) is scattered-analytic. (c) (X; ) is a Souslin subset of its completion and (X; ) is -fragmented by . The author thanks his colleage O. Kalenda for a number of useful remarks improving the text and J. Pelant for stimulating discussions on the topic.
